Mass-dependent and field shift components of the isotopic shift are determined to high accuracy for the ground 1 1 S−states of some light two-electron Li + , Be 2+ , B 3+ and C 4+ ions. To determine the field components of these isotopic shifts we apply the Racah-Rosental-Breit formula. We also determine the lowest order QED corrections to the isotopic shifts for each of these two-electron ions. *
I. INTRODUCTION
In this study we perform highly accurate computations of the isotopic shifts for the ground 1 1 S−states of some light two-electron ions: Li + , Be 2+ , B 3+ and C 4+ . In atomic and molecular spectroscopy the isotopic shift [1] , [2] usually means the difference (or shift) in the total and/or binding energies of the bound states that occurs when one nuclear isotope is replaced by another. It is clear a priori that the total energies and other bound state properties of light atoms and ions depend upon the inverse mass of the central nucleus and proton density distribution in that nucleus. In some cases a few other nuclear properties, e.g., the nuclear magnetic moment, also contribute to the total energies of atoms and ions, and therefore, to the isotopic shifts. In this study we perform highly accurate evaluations of the different components of isotopic shifts in the light two-electron ions Li + , Be 2+ , B
3+
and C 4+ . Our approach is essentially non-relativistic, i.e. we use the non-relativistic wave functions which are determined as the solutions of the non-relativistic Schrödinger equation
for each of these two-electron ions. For heavier two-electron ions, e.g., for the O 6+ , F
7+
and Ne 8+ ions, the contribution of the relativistic and QED corrections rapidly increases with the nuclear charge Qe (or Q) and isotopic shifts for such ions can be determined to high accuracy only with the use of the relativistic bi-spinor wave functions which must be obtained from the Dirac equation(s). The wave functions arising from the non-relativistic Schrödinger equation can be applied to such heavy two-electron ions to determine only approximate values of some lowest-order relativistic and QED-corrections.
In this study numerical evaluations of the isotopic shifts in light atoms and ions are based on highly accurate computations of the expectation values of a few selected electronnuclear and electron-electron operators. At the first stage of our procedure we apply the wave functions which have been determined for model ions which have an infinitely heavy nucleus. By using these wave functions we determine the expectation values of operators which are included in different components of the isotopic shift. Formally, these expectation values allow us to evaluate the isotopic shifts (in the lowest-order approximation and to relatively high accuracy) for the ground states of all two-electron ions considered in this study (i.e. in the Li + , Be 2+ , B 3+ and C 4+ ions). However, the overall accuracy of our evaluations can be drastically improved, if we determine the same expectation values and the total energies for the two-electron ions with finite-mass nuclei. Indeed, each atomic system includes a central atomic nucleus and the mass of such a nucleus is always finite. An error in the total energy due to replacement of the actual, finite mass nucleus by an infinitely heavy nucleus can be evaluated as ≈ 1 · 10 −6 − 1 · 10 −5 a.u. For other bound state properties which can also contribute to various corrections to the total energy such (relative) errors vary between ≈ 1 · 10 −7 and ≈ 1 · 10 −3 . Furthermore, there are additional corrections related to the fact that all nuclear masses are known only approximately. In reality, this means that all nuclear masses are the subject to constant experimental revision. It is clear that to solve the problem of isotopic shift completely we need to determine the mass gradients for each of the expectation values used to evaluate the isotope shifts in the same two-electron ions with varying nuclear masses.
This work has the following structure. Representation of the isotopic shift in atoms as the sum of its leading components is discussed in Section II. In that Section we also investigate the formula which is used to determine the field component of the isotopic shift.
Calculations of isotopic shifts for some light two-electron ions are performed in Section III, namely for the ground 1 1 S−states in the Li + , Be 2+ , B 3+ and C 4+ ions with an infintely heavy central nucleus. Here we also discuss a system of tests for the non-relativistic wave functions which can be used in actual calculations. Section IV contains results of highly accurate computations for the two-electron ions with the finite nuclear masses. This Section is a central part of our study. Section V contains formulas for calculation of the lowest order QED correction in two-electron ions. Concluding remarks can be found in the last Section.
II. COMPONENTS OF THE ISOTOPIC SHIFT
In general, the isotopic shift ∆E of the bound state level with the total energy E can be represented as the sum of a few different components. In many cases the two largest components in such sums are: (a) the mass component ∆E M , which explicitly depends on the mass of the central nucleus, and (b) the field shift component ∆E F , which mainly depends upon the electric charge distribution in the atomic nucleus. The first component ∆E M is represented as the sum of the normal and specific components. Each of these two components is proportional to the factor me M
, where m e is the mass of the electron at rest, while M is the nuclear mass (at rest) expressed in m e . For few-electron (N−electron) atoms
respectively. As follows from Eq. (2), to determine the normal and specific components in two-electron atom/ion one needs to obtain the expectation values of the p 2 1 and p 1 · p 2 operators. Everywhere in this study we assume that the wave functions of the two-electron atom/ion are properly symmetrized upon spin-spatial permutations of the two electrons and, therefore, the corresponding single-electron expectation values are always equal to each other, e.g., p
In actual two-electron ions and atoms, i.e. in atomic systems with the finite nuclear mass M, one can use the condition which follows from the conservation of the total momentum P N = p 1 + p 2 , where P N is the momentum of the nucleus, while p 1 and p 2 are the electron momenta. From here one finds:
and, therefore, from Eq.(1) for N = 2 and Eq.(3) we obtain
i.e. the mass-dependent component of the isotopic shift is the expectation value of the kinetic energy of the atomic nucleus with the finite mass. In many books and textbooks the formula, Eq.(4), is considered as the original (or fundamental) expression, while Eq.(1) is derived from this formula.
A. The field component of the isotope shift
In contrast with the mass component ∆E M , Eq.(4), the field component of the isotopic shift ∆E F explicitly depends upon the nuclear size (or nuclear radius) R and proton density distribution in that nucleus. It is clear that this component also depends upon the nuclear mass M, since nuclear matter is a saturated matter (in contrast with Coulomb matter). The nuclear radius R is uniformly related to the number of nucleons A in the nucleus: R = r 0 ·A , where m p is the proton mass. In general, the nuclear mass is a function of A, Z(= N p ), where Z is the electric charge of the nucleus = number of protons N p , and N n is number of neutrons. The formula for M(A, Z)
is known as the Weizäcker formula. This formula is discussed in the Appendix.
The field component of the isotopic shift ∆E F is determined by the expression which is widely known as the Racah-Rosental-Breit formula (see, e.g., [1] and references therein). In atomic units (h = 1, e = 1, m e = 1) this formula takes the form
where Q is the nuclear charge, R is the nuclear radius and
is the dimensionless constant which is the small parameter in QED. In Eq. . The formula, Eq.(5), has been used in many papers for numerical evaluations of the field component of the isotopic shift, or field shift, for short. In some works, however, this formula was written with a number of 'obvious simplifications'. Many such 'simplifications' are based on the fact that for light nuclei the numerical value of the factor b is close to unity. Furthermore, in some papers the factor b was mistakenly called and considered as the Lorentz factor, while the actual Lorentz factor γ is the inverse value of b, i.e., γ =
, which always exceeds unity. As follows from Eq.(5) in order to determine the field component of the isotopic shift in light atoms one needs to know the radius of the nucleus R and the expectation value of the electron-nucleus delta-function δ(r eN ) .
In this study we evaluate the field components of the isotopic shift for a number of the ground 1 1 S(L = 0)−states in light two-electron ions by using the exact formula, Eq.(5).
This allows one to evaluate the numerical errors which arise from the use of approximate expressions. As follows from Eq.(5), to evaluate the field component of the field shift one needs to determine to very high accuracy the expectation value of the electron-nuclear delta-function, i.e. δ(r eN ) . In the lowest-order approximation the ratio δR R in Eq.(5) can be assumed to be equal unity. The formula for ∆E F is reduced to the form (in atomic units)
where r e = α 2 a 0 ≈ 2.817940 f m (1 f m = 1 · 10 −13 cm is one f ermi) is the classical radius of the electron. For atomic nuclei the dimensionless factor R re in the last formula is close to unity. Also, in our calculations we have used the following numerical values for the physical constants: α = 7.2973525698 · 10 −3 and a 0 = 5.2917721092 · 10 −9 cm. The formula, Eq. (7), has been used in all calculations of ∆E F performed in this study. As follows from Eq. (7) to determine the field component of the isotopic shift one needs to know the expectation value of the electron-nuclear delta-function δ(r eN ) and numerical value of the nuclear radius R. The expectation value δ(r eN ) can be found from the results of highly accurate atomic computations, while the nuclear radii of different light nuclei must be taken from nuclear experiments (see, e.g., [4] ).
III. BOUND STATE CALCULATIONS OF THE TWO-ELECTRON IONS
Our method used in this study to evaluate different components of the isotopic shift and the lowest-order QED corrections is based on numerical, highly accurate computations of expectation values of some operators. In such calculations we apply the non-relativistic wave functions of the two-electron ions, which are obained as the solutions of the Schrödinger equation [3] for the bound states HΨ = EΨ, where E < 0 and H is the non-relativistic
Hamiltonian of the two-electron ions
where (8), is written in the form
It should be emphasized that our approach based on the use of non-relativistic wave (see, e.g., [6] and references therein)
Each of these three relative coordinates r ij is defined as the difference between the corresponding Cartesian coordinates of the two particles, e.g., r ij =| r i − r j |, where r i and r j are (10) we have developed a very effective two-stage optimiztion strategy [6] . The operatorP 12 in Eq. (10) is the permutation operator for two identical particles (electrons).
In this study we consider several light two-electron (or He-like) ions: Li + , Be 2+ , B
3+
and C 4+ . Our results given in Tables I -IV allow one to determine the normal and specific components of the isotopic shifts ∆E M in these cases. Furthermore, by using the expectation value of the electron-nucleus delta-functions in each of these ions one can determine the corresponding field shifts ∆E F (see Table V ). Formally, our data from Tables I -V contain all expectation values which are needed to determine the numerical values of ∆E M and ∆E F .
All data presented in these Tables correspond to the two-electron ions with infinitely heavy nuclei. The significance of the computed components of the isotopic shift (∆E M and ∆E F ) in actual applications can be reliably determined, if we can evaluate the same expectation values for the atoms/ions with the finite nuclear masses. This problem is discussed in Section IV.
Here we want to consider another problem which arises during numerical evaluation of the ∆E M and ∆E F components by using our formulas. Indeed, as we mentioned above, numerical evaluations of the isotope shifts in these two-electron ions is reduced to highly accurate calculations of the expectation values of some electron-nucleus and electron-electron operators, which include the inter-particle delta-functions. The overall accuracy of these expectation values is a crucial question for highly accurate evaluations of the isotope shifts.
In turn, this is directly related to the overall accuracy of the wave functions used in calculations. Since the early years of quantum mechanics the accuracy of the variational wave functions has been assessed by minimizing the total energy computed with such a wave function. This simple 'criterion of the quality' does not work for the expectation values of operators which are needed to determine the isotopic shifts in light ions/atoms. Indeed, currently by using a number of special methods, e.g., GFMC method (or Green Function
Monte-Carlo method), it is easy to construct bound state wave functions which produce 'essentially exact' total energies for different few-body systems, but the expectation values of some other properties computed with such wave functions are relatively inaccurate. In particular, it is difficult to determine highly accurate expectation values of the electron-nucleus and electron-electron delta-functions, i.e. the local properties, or properties determined at one spatial point. Therefore, below we need to discuss numerical criteria that are used to judge the overall quality of the wave functions and allow us to evaluate the applicability of these wave functions for accurate numerical computations of all interparticle delta-functions and other local properties some of which also include spatial derivatives of different orders.
The second closely related question is the convergence rate (upon the total number N of basis functions used) for the expectation values which are needed for numerical evaluation of the isotope shifts. These two questions are considered in this Section.
A natural criterion of the quality of the wave functions which was used already in the first variational calculations of atomic and molecular systems is based on the virial theorem (see, e.g., [7] ). The virial theorem for Coulomb systems, e.g., for atoms and ions, can be written in the form 2 T = − V , where T is the operator of the kinetic energy and V is the operator of the potential energy. Since the Hamiltonian H is represented as the sum H = T + V , then one finds for the expectation values
V , where E is the total energy of the atomic system bound by the Coulomb interparticle potentials. In general, this criterion is simple, but in many cases is not sufficient to evaluate the overall quality of the variational wave functions which then can be used for various purposes, e.g., to determine the expectation values of different quantum operators. It is clear that some other criteria are needed. Fortunately, for all Coulomb few-body systems we can always evaluate (exactly) the particle densities at the two-particle coalescence points. For instance, for the three-particle (or two-electron) ions Li + , Be 2+ , B 3+ and C 4+ we have two such a coalescence points: the electron-nucleus point and electron-electron point. At each of these points we can calculate the expectation values of the following operators (or cusp-operators)
in the case of the electron-nucleus cusp, and
for the electron-electron cusp. These two expectation values must coincide with the known values of these cusps, i.e., with the following numerical values (in atomic units)
, ν ee = 0.5 (13) where
is the nuclear mass which can be finite (real), or infinite for model atomic systems.
The coincidence of these two expectation values, Eqs. (11) - (12), with the predicted values, Eq. (13), is a very effective test for the variational wave functions in any Coulomb system. In real applications, however, different authors try to 'improve' their actual cusp values using various tricks, e.g., by adding additional 'special' terms to the wave functions.
These additional terms do not change the computed variational energy, but they allow one to N which are needed for zero-order evaluation of the isotopic shifts. Based on these results and by applying the formula, Eq. (7), we have determined the numerical values of the field components of isotopic shifts which are presented in Table V (in atomic units). This Table also includes numerical values of the following factors from the formula, Eq. (7): R (the actual nuclear radius), b, X = 4
and Y = R re 2b . The expectation values of the electron-nuclear delta-functions were taken from Tables I -IV. To evaluate the Euler's gamma-function Γ(x) we have used approximate 7-term formula derived by Lanczos [9] . Finally, the overall accuracy of our formula for ∆E F has been estimated as ≈ 1 · 10 −10 − 2 · 10 −10 a.u. Tables I -V Table VI .
IV. TWO-ELECTRON IONS WITH THE FINITE-MASS NUCLEI
The expectation values of the operators which are needed to determine the isotopic shifts (or any mass-related shifts) in these two-electron ions can be found in 
where p 2 N , p 2 1 and p 1 · p 2 expectation values must be determined for the atomic system with the finite nuclear mass M (i.e. 'old' nuclear mass). Analogously, by using the expectation values of the electron-nucleus delta-functions from Table VII 
where R designates the 'old' nuclear radius. In reality, all nuclear radii are currently known to a numerical accuracy ≈ 1 · 10 −3 f m (and even better). Therefore, the absolute values of the differences R ′ − R are very small (R ′ − R ≤ 1 · 10 −3 R (and smaller)).
The expectation values of operators from Table VII allow one to determine and evaluate the actual and 'additional' mass and field shifts for each of the two-electron ions considered in this study. However, for each atomic system one also finds a separate group of small corrections which must be added to the computed total energy, or isotopic shift. One group of such small corrections (≃ α 2 ) is directly related to the fact that The general theory developed for numerical evaluation of the relativistic corrections in light two-electron atoms and ions can be found in [10] and for many-electron atoms in [3] . For the ground (singlet) 1 1 S−states in these ions one finds a number of significant simplifications in the general theory. To simplify our analysis even further here we write only the final formula which is used to determine the lowest-order relativistic correction in the ground singlet state of two-electron atoms/ions. In atomic units this formula takes the form
r 12 (r 12 · p 1 )p 2 + πα 2 Q δ(r eN ) + δ(r ee ) (16) where α = 7.2973525698·10 −3 is the fine-structure constant and Q is the electric charge of the nucleus expressed in terms of the electron charge e. In this equation the particles with indexes 1 and 2 are the electrons, while the particle with index 3 is the atomic nucleus. The notation r ee = r 12 stands for the electron-electron distance, while the notation r eN = r 13 (= r 23 )
designates the electron-nuclear distance. The formula, Eq.(16), can be used to determine the lowest-order (∼ α 2 ) relativistic correction to the non-relativistic total energies of the ground 1 1 S−states in light two-electron ions. For the two-electron ions considered in this study, the last term (i.e. the sum of the expectation values of the delta-functions) in Eq. (16) 
VI. THE LOWEST ORDER QED CORRECTION
As we mentioned above actual calculations of all relativistic and QED corrections in twoelectron atoms and ions can be performed only with the use of the truly relativistic wave functions. The non-relativistic wave functions obtained as the solutions of the Schrödinger equation can be applied only for numerical evaluations of some lowest-order relativistic and QED corrections in light two-electron ions. Below, we discuss numerical evaluation of the lowest order QED correction ∆E QED for the two-electron ions: Li + , Be 2+ , B 3+ and C 4+ .
The corresponding formula for such a correction ∆E QED in a two-electron ion with infinitely heavy nucleus is written in the form (in atomic units)
where α is the fine structure constant, Q is the nuclear charge (in atomic units) and S is the total electron spin. The ground states in all two-electron ions considered in this study are the singlet states with S = 0. Also, in this formula ln K 0 is the Bethe logarithm. To determine the Bethe logarithm which is usually evaluated by applyin the formula ln K 0 = ln k 0 + 2 ln Q, where ln k 0 is the charged-reduced Bethe logarithm. Numerical values of the Bethe logarithm were evaluated for each of these two-electron ions (Li + , Be 2+ , B 3+ and C 4+ ) in earlier works.
The last term in Eq. (17) is called the Araki-Sucher term, or Araki-Sucher correction, since this correction was obtained and investigated for the first time in papers by Araki and
Sucher [11] , [12] . The expectation value of the term 1 r 3 ee is singular, i.e., it contains the regular and non-zero divergent parts. A general theory of singular exponential integrals was developed in our earlier works (see, e.g., [13] and references therein). In particular, in [13] we have shown that the 
where
R is the regular part of this expectation value and δ(r ee ) is the expectation value of the electron-electron delta-function. Briefly, we can say that the overall contribution of the singular part of the For two-electron ions with finite nuclear mass we need to evaluate the corresponding recoil correction to the lowest-order QED correction. Such a correction is also given in [8] .
In atomic units it is written in the following form Numerical values of these lowest-order QED corrections (in atomic units) can be found in procedure, have been determined to very high accuracy and allow one to evaluate the nonrelativistic isotopic shifts for all isotopes of the two-electron, light ions discussed in this study.
The lowest-order QED corrections (Quantun Elelctrodynamics corrections) have been also evaluated to high numerical accuracy for each isotope of the four two-electron ions. We also discuss formulas which will be used in our next study to perform numerical calculations of the lowest-order relativistic corrections for the ground states of these two-electron ions. Future plans also include improvement of our old method which was used earlier for numerical calculations of Bethe logarithm.
Appendix. Weizäcker mass formula
The formula which provides a uniform relation between the nuclear mass M and total number of nucleons A, nuclear charge Z (= number of protons N p ) and number of neutrons N n in the nucleus was derived in 1937 by Bethe, Weizäcker and others (known as the Weizäcker formula [14] , or Bethe-Weizäcker formula). This five-term formula for the nuclear binding energy E b was produced 75 years ago and since then its general structure has never been changed. First, note that the mass formula for an arbitrary nucleus can be written in the form
where M is the nuclear mass of the nucleus with A nucleons, Z protons and N neutrons, is not accurate for some light nuclei, e.g., for all nuclei of the hydrogen and helium isotopes. 
